
MATH2020A Solutions of Midterm Exam

1. (a) i - f ≤ f ≤ f ⇒ f ±f ⩾ 0,

by the positivity of integration and linearity, we have

0 ≤  
R

 f ±f ⅆA =  
R

f ⅆA ±  
R

f ⅆA

⇒ ± 
R

f ⅆA ⩽  
R

f ⅆA ⇒  
R

f ⅆA ⩽  
R

f ⅆA.

ii Since M - f ≥ 0 and f - m ≥ 0,

by the positivity of integration and linearity, we have

 
R

M - f ⅆA ≥ 0 and  
R

f - m ⅆA ≥ 0

⇒ m Area (R) =  
R

m ⅆA ≤  
R

f ⅆA ≤  
R

M ⅆA = M Area (R)

⇒ m ≤
1

Area (R)
 

R

f ⅆA ≤ M .

(b)

R

(0,0) (a,0)

(a,a)


0

a


0

x

f (x, y) ⅆy ⅆx =  
R

f (x, y) ⅆA = 
0

a


y

a

f (x, y) ⅆy ⅆx

by Fubini' s theorem.

(c)

R

(0,0) (a,0)

(0,a)

x+y=a Let u = x + y, v = y, then 0 ≤ u ≤ a, 0 ≤ v = u - x ≤ u and
∂(x, y)

∂(u, v)
= 

1 -1
0 1

 = 1. Thus,

 
R

f (x + y) ⅆA = 
0

a


0

u

f (u) ⅆv ⅆu = 
0

a

u f (u) ⅆu

2. x2 + y2
3
= 4 x4 + y4 ⇒ use polor coordinates, r6 = 4 r4 cos4 θ + sin4 θ,

⇒ r2 = 4 cos4 θ + sin4 θ since r ≠ 0. Thus,

Area = 
0

2 π


0

2 cos4 θ+sin4 θ

r ⅆr ⅆθ = 
0

2 π


r2

2

0

2 cos4 θ+sin4 θ

ⅆθ = 
0

2 π

2 cos4 θ + sin4 θ ⅆθ

= 2 
0

2 π

cos4 θ + sin4 θ + 2 cos2 θ sin2 θ - 2 cos2 θ sin2 θ ⅆθ

= 2 
0

2 π

1 -
1

2
sin2 (2 θ) ⅆθ = 4 π - 

0

2 π 1 - cos (4 θ)

2
ⅆθ = 3 π.



3. The solid is bounded above by z = 1 -
x2

4
+ y2

2

and below by z = 0. Thus, the volume

V =   x2

4
+y2

2
≤1

1 -
x2

4
+ y2

2

ⅆx ⅆy. Let u =
x

2
, v = y , then

x2

4
+ y2

2

≤ 1 is equivalent to u2 + v2 ≤ 1 and
∂(x, y)

∂(u, v)
= 

2 0
0 1

 = 2. Thus,

V =  
u2+v22≤1

1 - u2 + v2
2
×2 ⅆu ⅆv

= use polor coordinates 2 
0

2 π


0

1

1 - r4 r ⅆr ⅆθ

= 2 π 
0

1

1 - r4 ⅆr2 = 2 πr2 -
1

3
r6

0

1

=
4 π

3
.

4. By the spherical coordinates 

x = ρ sin ϕ cos θ

y = ρ sin ϕ sin θ

z = ρ cos ϕ

, D = 

0 ≤ ρ ≤ a
0 ≤ ϕ ≤

π

2

0 ≤ θ ≤
π

2

. Thus,

  
D

xyz ⅆV = 
0

π

2


0

π

2


0

a

ρ sin ϕ cos θ ρ sin ϕ sin θ (ρ cos ϕ) ρ
2 sin ϕ ⅆρ ⅆϕ ⅆθ

= 
0

π

2


0

π

2


0

a

ρ
5 sin3 ϕ cos θ sin θ cos ϕ ⅆρ ⅆϕ ⅆθ

= 
0

a

ρ
5
ⅆρ 

0

π

2
sin3 ϕ cos ϕ ⅆϕ 

0

π

2
sin θ cos θ ⅆθ

= 
ρ6

6

0

a


sin 4

ϕ

4

0

π

2

sin2 θ

2

0

π

2
=
a6

48
.
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5. Q (x, y) =

a x2 + 2 b x y + c y2 + 2 d x + 2 e y + f = a x2 +
2 b

a

y  a x + c y2 + 2 d x + 2 e y + f since a > 0

= a x +
b

a

y

2

+
a c - b2

a
y2 + 2 d x + 2 e y + f.

Let w = a x +
b

a

y, then x =
w

a

-
b

a
y and

Q = w2 +
a c - b2

a
y2 + 2 d

w

a

-
b

a
y + 2 e y + f since ac - b2 > 0

= w +
d

a

2

-
d2

a
+

a c - b2

a
y

2

+

2 (a e - b d)

a

a

a c - b2

a c - b2

a
y +

(a e - b d)2

a a c - b2
-
(a e - b d)2

a a c - b2
+ f

= w +
d

a

2

-
d2

a
+

a c - b2

a
y +

(a e - b d)

a a c - b2

2

-
(a e - b d)2

a a c - b2
+ f.

Let u = w +
d

a

= a x +
b

a

y +
d

a

, v =
a c - b2

a
y +

(a e - b d)

a a c - b2
, then

Q = u2 + v2 -
d2

a
-
(a e - b d)2

a a c - b2
+ f and

∂(u, v)

∂(x, y)
=

a b

a

0 a c-b2

a

= a c - b2 ≠ 0. Therefore,


-∞

∞


-∞

∞

ⅇ
-Q (x,y)

ⅆx ⅆy = 
-∞

∞


-∞

∞

ⅇ
-u2-v2+

d2

a
+

a e-b d2

a a c-b2
-f 1

a c - b2
ⅆu ⅆv

= ⅇ

d2

a
+

a e-b d2

a a c-b2
-f 1

a c - b2

-∞

∞


-∞

∞

ⅇ
-u2-v2

ⅆu ⅆv = ⅇ

d2

a
+

a e-b d2

a a c-b2
-f 1

a c - b2

0

2 π


0

∞

ⅇ
-r2 r ⅆr ⅆθ

= ⅇ

d2

a
+

a e-b d2

a a c-b2
-f 1

a c - b2
π 

0

∞

ⅇ
-r2

ⅆr2 = ⅇ

d2

a
+

a e-b d2

a a c-b2
-f π

a c - b2
.
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